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Using a gauge invariant exact renormalization group, we show how to compute the effective 
action, and extract the physics, whilst manifestly preserving gauge invariance at each and 
every step. As an example we give an elegant computation of the one-loop SU {N) Yang- 
Mills beta function, for the first time at finite N without any gauge fixing or ghosts. It is also 
completely independent of the details put in by hand, e.g. the choice of covariantisation and 
the cutoff profile, and, therefore, guides us to a procedure for streamlined calculations. 

PACS: ll.lO.Hi, ll.lO.Gh, ll.15.Tk 

1 Introduction 

The continuum formulation of the Wilsonian Renormalization Group (RG) [1], a.k.a. the Exact 
RenormaUzation Group, has the potential to be an extremely powerful framework for both exact 
and approximate calculations in non-perturbative quantum field theory [2]. 

However, a crucial challenge to confront has existed since then: the application to continuum 
gauge field theories. Since the introduction of an effective cutoff breaks the gauge invariance, 
the Wilsonian approach cannot be naively followed. 

Following the earlier works of one of us [3], we have proposed a manifestly gauge invariant 
exact RG equation, by which we can compute the effective action and extract the physics, with- 
out ever requiring any gauge fixing or ghosts. The Polchinski equation [4] is modified by e.g. 
introducing a Wilson line between functional derivatives, and thus it becomes gauge invariant. 

Needless to say, the theory is also to be regularised in a gauge invariant way, and this is why 
a Poincare and gauge invariant regularisation scheme has been worked out that is based on a real 
ultraviolet scale."* It works for pure SU (N) Yang-Mills theory in dimension four or less and, in 
the large N limit, in any dimension [5, 6]. 

Such a regularisation scheme can be very nicely incorporated into our gauge invariant for- 
mulation of the RG and, together, they constitute a very powerful tool for investigating non- 
perturbative aspects of quantum theories. Indeed, the use of manifest gauge invariance is the key 
ingredient throughout the calculation. 
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''as opposed to e.g. analytic continuation of perturbative amplitudes in dimensional regularisation. 
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However, in view of the novelty of the present construction, it is desirable to test the formal- 
ism first. We computed the one-loop beta function for SU{N) Yang-Mills theory for a general 
cutoff profile^ and we obtained the usual perturbative result, which is an encouraging confirma- 
tion that the expected universality of the continuum limit has been incorporated. The calculation 
is completely independent of the details put in by hand, e.g. the choice of covariantisation and 
seed action (which will be defined later in Section 2), and therefore guides us to a procedure for 
streamlined computations. 

This note is organised as follows. In Section 2 we state the flow equation in superfield 
notation, perform the usual loop expansion and sketch our strategy for computing /3i. Section 3 
is devoted to listing the (un-)broken gauge invariance identities, while Section 4 contains a more 
detailed description of the simplest part of the calculation, the scalar sector. Finally, in section 5 
we summarise and draw our conclusions, For further details on the regularisation scheme and 
notation, we refer the reader to [6] and references therein. 



2 SU{N\N) flow equation and its loop expansion 



Our manifestly gauge invariant exact RG equation in the unbroken phase, i.e. before shifting 
C ^ C + as, may be written as 



A^A^ = -ao[S, Eg] + 01 [Eg], (1) ( S 



= --y 



S) 




with ao[S, Eg] and ai[Eg] being the clas- 
sical term and quantum correction contri- 
butions respectively and Eg = g^S — S. 



Fig. 1. Graphical representation of the flow equation. 



S, hereafter referred to as the seed action, is part of the immense freedom on the form of the 
RG equation [7, 9, 6]. The explicit expressions for ao,i are given by 
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where {W} stands for any covariantisation of the kernel W. For any two supermatrix repre- 
sentations, u,v, we can expand u{VF}v in powers of the gauge field; the vertices of such an 
expansion will be hereafter referred to as kernel's vertices (for an example of how to covariantise 
W and its vertices refer to [3, 6]). 

'provided some general requirements on normalisation and ultraviolet decay rate are satisfied 
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The relations (2) differ from the usual Polchinski-type equation by the presence of terms 
involving commutators.^ These latter, once the theory is spontaneously broken, will affect the 
equations for the two-point bosonic and fermionic vertices differently, and by choosing the re- 
lated kernels properly, all the two-point vertices of the effective action can be set equal to the 
hatted ones (cf. [6, 8]). This last requirement will greatly simplify the equations for the higher 
order interactions, and thus will be enforced for convenience. 

The resulting kernels in eq. (2) are found to be 



where prime denotes differentiation with respect to x and c, c are meant to be functions of x. 

Breaking supersymmetry spontaneously in the fermionic directions causes the fermionic 
fields to acquire a mass of order the effective cutoff, whilst leaving the physical gauge field 
and its copy massless. In the unitary gauge, the Goldstone modes D vanish (eaten by the B's), 
leaving the massive "Higgs" C and the massive vector fermions, S^. The symmetries thus sug- 
gest that superfields be split into their diagonal and off-diagonal components, i.e. Afi = + 
and C = C + D \6, 8]. This makes the equations much easier to derive and, also, resembles what 
is usually done in the context of the standard model, namely to deal with massive and massless 
combination of gauge fields rather than with the fields themselves. The kernels and their expan- 
sion in powers of gauge fields may be split accordingly. (See Figs. 2 and 3 for some of those 
actually used in the calculation.) 




(3) 




Fig. 2. Graphical representation of 0- 
point kernels. The /-kernel in Fig. 1 
stands for any of these. K = c' + M. 




Fig. 3. Graphical representation of 1-point kernels. The boxed 
diagram indicates the position of incoming momenta. The trss 
coming from the symmetry breaking are represented by stars, 
while (") stands for (p; q, r). 



Expanding the action and the beta function 0{g) = Adf^g in powers of the coupling constant: 
S=^So + Si+g^S2 + --- 0=AdAg = /3ig^ + fi29^ + --- (4) 

*The commutators guarantee the equation is still gauge invariant. 
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yields the loopwise expansion of the flow equation 

KOaSo = -ao[So,So -2S], 

AOaSi = 2f3iSo-2ao[So- S,Si]+ai[So 



2S], 



(5) 
(6) 



etc., where (Si) is the classical (one-loop) effective action. The one-loop coefficient, f3i, can 
be extracted directly from eq. (6) once the renormalization conditions are imposed. Since gauge 
invariance already forces the anomalous dimension of the gauge field to vanish [3, 6, 8], we only 
need to define the renormalized coupling g{A). This is done via the field strength for the physical 
gauge field, Al [3, 6, 8], 

1 



S 



tr/cPx(FM2 + 0(v3). 



2.g2(A) 
From the above equation 



(J) 



(8) 



with □^^(p) being the transverse combination {p^S^,^ — p^Pu)- Eq- (8) implies the 0{p'^) com- 
ponent of all the higher loop contributions S'„^^ {p) + Sn^" {p) must vanish. Thus the equation 

for (3i becomes algebraic (Sg = 5*0 — 25): 

-2[3,S4^{p) + 0{p^) = ai[So];^,^(p). (9) 



-4/3in^.(p) +0{p^) = Y. 

f 




Fig. 4. Graphical representation of eq. (9). 



In order to calculate the r.h.s. of eq. (9), we will adopt the following strategy: 

i. introduce the "integrated kernels" in the part of the first diagram and integrate by parts so 
as to end up with A-derivatives of vertices of the effective action; 

ii. use the equations of motion for the effective couplings; 

iii. use the relation between the integrated kernels and their corresponding two-point functions 
to simplify the diagrams obtained so far; 

iv. repeat the above procedure when any three-point effective coupling is generated. 

This simple procedure, which will be described in more detail in the next section, ensures that 
any dependence upon n-point vertices of the seed action, n > 3, will cancel out. This implies 
that the calculation is actually independent of the choice of S, provided it is a covariantisation of 
its two-point vertices^ and these latter vertices are infinitely differentiable and lead to convergent 
momentum integrals [9, 10, 6]. Moreover, pursuing that strategy will also guarantee that just 
the kernels' vertices with special momenta remain that by gauge invariance can be expressed as 
derivatives of their generators (for an example see Section 3), which means independence of the 
choice of covariantisation. 

'set equal to the effective ones for convenience. 
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3 (Un-)Broken gauge invariance 

The invariance under the (broken) SU{N\N) gauge symmetry results in the following set of 
trivial Ward identities 

q^u:::^ ■■p,q,r,---) = u:::^l::{- ..p,q + r,---) - I.v; (• • • p + r, ■ • • ), 

g'-f/.V.f f ■■p,q,r,---) = ±C/.V.f tv(- ■■P,q + r,---)T f/.vi ■■P + q,r,---) 

+2c/.;.™r;.-(---p.9>^>---), 

where U is any vertex, a and 6 are Lorentz indices or null as appropriate and X, y are opposite 
statistics partners of X, Y. The sign of the terms containing X, Y depends on whether B goes 
past a as on its way back and forth. 

By speciahsing (10) to a proper set of momenta, one of which has to be infinitesimal, it is 
possible to express n-point vertices with one null momentum as derivatives of (n — l)-point's, 
independently of the choice of covariantisation. As an example, let us consider the three-point 
pure-^ effective vertex at vanishing first momentum, -S^^^ (0, k, —k). By using (10), 

e''5^^^(e, k, -k-e) = S^^ik + e) - = S^^ik) + 0{^). (11) 

At order e, 5^^^(0, k, -k) = S^4{k). Also 5^^^^(0, 0, k, -k) = \dl S^^{k). 

4 A sample of the calculation: the C sector 

In this section the simplest part of the computation will be described, that is the scalar sector. 
All the steps of the strategy previously outhned will be illustrated by means of diagrams, as the 
cancellations taking place are evident already at that level. Of course, performing the fuU and 
complete calculation yields the same result. 

We start by defining the integrated kernel. As A3a/(^) = -2^/'(^), 

= -^AdA ( = -A5aA^^ (12) 

The integrated kernel is introduced via 
eq. (12) into the 5*0 part of the first 
diagram in Fig. 4. One then inte- 
grates by parts, so as to end up with 
a total A-derivative plus the tree-level 
AOaS^^'-^'-^ vertex joined by a A'^^. 
The latter will be dealt with, using the 
equations of motion. 

The next step consists in using eq. (5) as specialised to S^^'^''^' . Some of the diagrams are 
shown in Fig. 5. 



-AdA 
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Already at this level, we note that some of the diagrams either do not contribute at all (cf. 
Fig. 6) or they give a potentially universal contribution, i.e. something depending only on two- 
point vertices and integrated kernels (cf. Fig. 7). 




(^^.t'lP. -P. 0) c'(0) 5^^^(0, k, -k)+ 

s^^ip) c'^ip; 0, -P) ^^^(0, k, -k)) A^^(fc) 



Fig. 6. Diagrams not contributing to /?i . 




S^^M c'(^) S^^^'^'iP, -P, k, -k) A^^(fc) 

S^^ip) c'(0) S^^^^iO, 0, k, -k) A^^(fc) = 
\S^^{p) c'(0) A^^{k). 



Fig. 7. A potentially universal contribution. 



Many of the remaining terms in the tree-level equation for S^^'^''^' may be further simplified 
by making use of the relation between the integrated kernel and the corresponding two-point 
function. Such a relation may be easily obtained from the tree-level equation for the effective 
two-point coupling, in the present example 5'^'^. By rewriting it in terms of the inverse coupling, 
we get (6"^<^)~^ = A'^'^, i.e. S'^'^ Af"^ = 1. This leads to the simplifications shown 

in Fig. 8. 

The last step concerns how to handle the terms that contain two three-point effective cou- 
plings. The procedure is pretty much the same, except that one has to recognise the derivative 
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of the "square of the kernel" (see Fig. 9). At the algebra level, it amounts to writing the second 
diagram in Fig. 9 as the sum of two equal contributions and, then, to shifting the loop momentum 
so as to complete the A-derivative. 




Fig. 8. Simplifications in the four-point effective vertex contribution. 




Fig. 9. How to handle two joined three-point effective vertices. 



The procedure outhned in the above can be used in the whole calculation: all the hatted 
vertices cancel out and one is left with potentially universal terms only. The relation between 
integrated kernels and their corresponding two-point functions, however, is more complicated in 
the general case. As a matter of fact, it takes the form Sik{p)^kj{p) = Sjj + Rij{p), where 
the "remainder" Rjj, absent in the scalar sector, is a (un-)broken gauge transformation. In the A 
sector, for example, — — ^^Ji" . 

Once the potentially universal terms have been collected, the momentum integrals should 
be carried out. We used dimensional regularisation as a preregulator to avoid all the subtleties 
related to cancelling divergences against each other. (Had we done the calculation in a way that 
preserves SU {N\N), preregularisation would not have been needed.) 

5 Conclusions 

A manifestly gauge invariant RG has been proposed. Together with the necessary gauge invariant 
regularisation [5], it constitutes a very powerful method of computation in gauge theory, as it al- 
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lows one to calculate the Wilsonian effective action and extract the physics in a way that respects 
the gauge symmetry, with no need for gauge fixing and accompanying ghosts [3, 8]. Hence the 
Gribov problem is completely avoided [11]. 

As a basic test of the formalism, the one-loop SU{N) beta function has been computed 
and the expected universal result has been obtained. The strategy which has proven to be very 
efficient consists in eliminating the elements put in by hand by using the equations of motion for 
the effective action vertices, where physics is actually encoded. (See also [9] for the analysis of 
the scalar case). A diagrammatic technique to represent the various vertices has been sketched, 
and already at the level of diagrams the big potential of the method comes out. 

The calculation is totally independent of the details put in by hand, such as the choice of 
covariantisation and the cutoff profile, and gauge invariance is no doubt the main ingredient all 
the way to the final result. 

We hope the procedure is quite general and may be used to investigate non-perturbative as- 
pects of gauge theories. 

Including matter in the fundamental representation as well as space-time supersymmetry 
seems not too difficult, thus opening the door to many further avenues of exploration. 
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